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Introduction 

Given a finite group G , a covariant coefficient system M for G, and a pointed 
G-set S , we defined in [2j an abelian group F'^{S, M) . Using this construction, 
we associate to a pointed G-space X a simplicial abelian group F'^{§{X), M) . 
Its geometric realization, denoted by F^{X,M), is a topological group whose 
homotopy groups are isomorphic to the reduced Bredon-Illman G-equivariant 
homology of X with coefficients in M . Given a G-equivariant ordinary covering 
map p : E — > X, we also defined a continuous transfer : {X~^ , M) — > 
F'^ {E~^ , M) , that induces a transfer in equivariant homology, when M is a 
Mackey functor. 

In [3] we showed that when the G-space X is a strong p-space (e.g. a G- 
simplicial complex or a finite dimensional countable locally finite G-CW-com- 
plex), there is a topology in the abelian groups F'^{X\M), where X^ stands 
for the underlying set of X. With this topology, F^{X,M) is a topological 
group, which we denote by ¥'^{X,M). This is a smaller group than the group 
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F^[X,M) mentioned above. It has the property that its homotopy groups 
are isomorphic to the reduced Bredon-Illman G-equivariant homology of X 
with coefficients in M, provided that M is a homological Mackey functor. 
Furthermore, we proved in ^ that these topological groups admit a continuous 
transfer for G-equivariant ramified covering maps, whose total space and base 
space are strong p-spaces. 

In this paper we present a different topology for the abelian group 
and we denote the resulting topological group by 3"*^ {X, M) . We prove that 
for any pointed G-space X of the homotopy type of a G-CW-complex, and 
for any coefficient system, the homotopy groups of 3"*^ (X, M) are isomorphic 
to the reduced Bredon-Illman G-equivariant homology of X with coefficients 
in M . The assumptions on X and M are much weaker than those needed to 
define F*^(X, M). However, in such a generality, it does not seem possible to 
construct a continuous transfer even for ordinary covering G-maps. 

These new topological groups 3^^{X, M) can be used to prove the infinite wedge 
axiom for the Bredon-Illman homology. They also allow us to make some cal- 
culations of the 0th homology groups of a G-space X . 

Those topological groups whose homotopy groups are isomorphic to the re- 
duced Bredon-Illman G-equivariant homology of X with coefficients in M 
will be called Dold- Thorn topological groups. Hence F^{X,M), F'^(X,M), and 
3"'^(X,M) are Dold-Thom topological groups. Furthermore, all these groups 
are algebraically subgroups of other topological groups, so they also have an- 
other natural topology, namely the subspace topology. These topological groups 
win be denoted by f'^(X,M), f*^(X,M), and F*^(X,M). The first two were 
studied in [3]. In this paper we prove that these groups are isomorphic to the 
former, if the coefficient system M takes values on fc-modules, where A; is a 
field of characteristic or a prime p that does not divide the order of G. We 
also show that the Dold-Thom topological groups are unique up to homotopy. 
Other examples of Dold-Thom topological groups were constructed by Dold 
and Thom [7J, McCord [E], Lima-Filho [12], dos Santos [10], and Nie [17J. 

The paper is organized as follows. In Section [T] we give the basic definitions that 
are needed. Then in Section [2] we define the new topological groups 3^^{X, M) 
and 3" {X, M) , and we prove that the former is a Dold-Thom topological group. 
Then in Section [3] we compare the new topological groups with the previously 
defined ones. In Section [5] we analyze the case of coefficients in A:-Mod, with 
the field k as explained above. In Section [5] we prove the wedge axiom and 
we compute the 0th equivariant homology in some cases. Finally in Section [6l 
we study the Dold-Thom topological groups and we show that two Dold-Thom 
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topological groups, which are locally connected and have the homotopy type of 
a CW-complex, are homotopy equivalent. 

1 Preliminaries 

We shall work in the category of k-spaces, which will be denoted by k-Top. We 
understand by a k-space a topological space X with the property that a set 
W C X is closed if and only if f^^W C Z is closed for any continuous map 
/ : Z — > X , where Z is any compact Hausdorff space (see [141 [TS] ) . Given 
any space X , one can clearly associate to it a k-space k{X) using the condition 
above, which is weakly homotopy equivalent to X . The product of two spaces 
X and Y in this category is X x Y = k{X Xtop Y), where X x^opY is the 
usual topological product. Two important properties of this category are that if 
p : X ^ X' is an identification and X is a k-space, then X' is a k-space, and 
if p : X ^ X' and q : Y ^ Y' are identifications, then px q : X xY ^ X' xY' 
is an identification too. If X is a k-space, we shall say that A C X has the 
relative k-topology (in k-Top) if ^4 = k{Ar^\), where ^rei denotes A with the 
(usual) relative topology in Top. This topology is characterized by the following 
property: Let Y he a k-space. Then a map f : Y — > A is continuous if and 
only if the composite i o f : Y — > X is continuous, where i : A ^ X is the 
inclusion (see [18j). 

In what follows, we shall denote by G-Top^ the category of topological pointed 
G-spaces such that G acts trivially on the base point, or correspondingly 
G-k-Top^ . Topab will denote the category of topological abelian groups in the 
category of k-spaces. Recall that a covariant coefficient system is a covariant 
functor M : 0(G) — > R-Tlod, where 0(G) is the category of G-orbits G/H, 
H C G, and G-functions a : G/H — > G/K, and R is a commutative ring. 
A particular role will be played by the G-function Rg-i '■ G/H — > G/gHg~^ , 
given by right translation by g^^ € G, namely 

Rg-i{aH) = aHg-^ = ag-\gHg-^) . 

We shall often denote aH by [a]H ■ Observe that if X is a G-set and x G X , then 
the canonical bijection G/Gx — > G/Ggx is precisely Rg-i ■ Here Gx denotes 
the isotropy subgroup of x, namely, the maximal subgroup of G that leaves x 
fixed. 

Let 5 be a pointed G-set (where the base point xq remains fixed under the 
action of G) and M a covariant coefficient system. In p] we defined an abelian 
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group F{S, M) as follows. Consider the following union 

M= (J M{G/H). 

HcG 

Then 

F{S, M) = {u:S^M\ u{x) G M{G/Ga:) , u{xo) = , 
and u{x) =0 for almost every x £ X} . 

Indeed, this group F{S, M) is an i2-module, whose structure is given by 

(r • u){x) = ru{x) G M{G/G^) . 
It has as canonical generators the functions 

- — - I ^ J^£ J^' = jr. 

Ix : S — > M given by lx{x') = < 

I if T ^ X , 

where x G S , x ^ xq, and I G M{G/Gx) ■ The group F{S,A'[) is a functor 
of as follows. Let / : S — > T be a pointed G-function. Then we define 
: F{S, M) — > F{T, M) on generators by 

h{lx) = M,{U){l)f{x), 

that is, the homomorphism whose value on y is M^,[fx){l) \i y = f{x) and 
otherwise, where fx ■ G/Gx G/Gj^x) is the canonical surjection. 

There is an action of G on F{S, M) given on generators by 

g ■ ilx) = M,{Rg-i){l){gx) . 

Then one can consider the submodule F{S, M)'^ of fixed points under the G- 

action. Let / : S — ¥ T be as above. Since is clearly a G-homomorphism, 
it restricts to a homomorphism between the submodules of fixed points, which 
we denote by 

7f :F^(5,M) ^F^(T,M). 

Q 

This makes F {—,M) into a functor G-Set* — > R-^od 

On the other hand, there is a surjective homomorphism Ps '■ F{S, M) 
F{S, M)*^ given by 

Ps{lx) = j^{l)= Yl M4Rg-^){l){gx) , 
[g]eG/G^ 
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that is, essentially taking the sum over the orbit of x. One can now use this 
to give a different functorial structure on F{S, M)'^ , defining for a G-function 
/ : S — > T and a generator 7^(/) , 

/f(7.^(0)=7/%)M.(/.)(0. 

This makes F^(—,M) into a functor G-Set* — > R-dJlod. 

These three functors are related by the commutativity of the following diagram: 

(1.1) 



S 



F {s,My 



F^{T,M)'^:^F{S,M) 



F^{S,M). 



We shall use these groups to define different topological groups in the next 
section. 



2 Topological groups and coefficient systems 



First recall the following construction. Let X be a topological space and L an 
i?-module. Then we have the i?-module F{X, L) = {u : X — > L \ u{xo) = 
0, and u{x) = for almost every x G X} . Following [1] we have that this R- 
module can be topologized as follows (see also [15j). There is a surjective func- 
tion 

fi-.HiLxX)" ^F{X,L) 

k 

given by {li,xi; . . . ; lk,Xk) i— > hxi + • • • + IkXk ■ Then F(X, L) has the identifi- 
cation topology. 

Given a pointed G-space X , we denote by X^ the pointed subspace of elements 
of X that remain fixed under the group elements of H . 

Definition 2.1 Let M be a covariant coefficient system and let X be any 
pointed G-space. For each subgroup H C G consider the topological group 
F{X", M{G/H)) as defined above. Define pH : F{X", M{G/H)) — y F{X, M) 
by ph{Ix) = M4qH,x){l), where x e X" , I G M{G/H), and qH,x ■ G/H 
G/Gx, is the canonical projection. Now take the homomorphism 

px : n F{X'',M{G/H)) ^ F{X,M) 
HCG 
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given by Px{{Ihxh)h<zg) = ^h<zG Ph{IhXh) , where the product has the prod- 
uct topology of k-spaces. Given any generator Ix G F{X, M) , Ix can be seen 
also as an element in F{X^^ ,M{G/Gx))- Therefore px is surjective. Give the 
i?-niodule F{X,M) the identification topology induced by px- We obtain a 
k-space, which we denote by 3^{X, M) . By giving F {X, M) the relative k- 
topology we obtain another k-space, which we denote by 3^{X, M). Moreover, 
by taking on F'^{X,M) the identification topology given by the epimorphism 
/3x , we obtain another k-space, which we denote by 3^{X, M) . 

Proposition 2.2 The groups 3"(X, M) , 1^{X, M) , and 3"^(X, M) are topo- 
logical groups in the category of k-spaces. 



Proof: Consider the following diagram 



n F{X^, M{G/H)) X n F{X",M{G/H)) n FiX^, M{G/H)) 



Pxxpx 

3^{X, M) X 3^(X, M) 

fex/3;, 

3^(X,M) X 'J^{X,M) 



px 



J{X, M) 



3^{X,M) 



The function on the top is given by the product of the sum on each topological 
group F{X^ , M{G/H)) and therefore it is continuous. Since px and /3x are 
homomorphisms, both squares commute. Furthermore, since px and /3x are 

identifications, so are px 'xpx 

and /3x X /3x • Therefore 3'(X, M) and 3"'^(X, M) 
are topological groups. Finally, since 3' (X, M) has the relative k-topology, it 
is also a topological group. ■ 



Proposition 2.3 Let / 

morphism : 3"(X, M) 

7? : ^{X,M) 
continuous. 



X — > Y be a pointed G-map. Then the homo- 
> 3'{Y, M) is continuous. Thus the homomorphisms 

?^(y,M) and /f : ^^{X,M) 3~^(y,M) are aJso 



Proof: The following diagram commutes: 

n^^cG nx"", M{G/H)) n^^cc ny". m{g/h)) 



px 



Py 



M) 



g^(y, M) 
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Indeed, if {Ihxh)h(zG S YYucG^i-^^ ^^^i^l ^)) ^ generator, then 

PY{^f^){{lHXH)HcG)=PY{{lHf{xH))HcG) = M,{qj^,^)){lH) f {xh) , 

HCG 

and 

hpx{{lHXH)HcG) = MY M,{q,J{lH)xH) = ^ M,{%^)M,{q,^){lH) f {xh) 

HcG HcG 

Here we denote qH,XH simply by qx^ ■ Both composites are equal, since fx^j o 
QXH = QfixH) ■ 

Since px is an identification and Yl is continuous, /=„ is also continuous. ■ 
The next result shows the homotopy invariance of the functors 3". 

Proposition 2.4 Let /o,/i : X — > Y be G-homotopic pointed G-maps. 
Then /o*, /i* : 3'{X, M) — > 3"(^, M) are G-homotopic homoniorphisnis. More- 
over, also J^.JZ : F''(X,M) W^{Y,M) and fgjg : J^(X,M) 
'j'-'iy, M) are homotopic homomorphisms. 

Proof: For each H C G, take the restriction : — > , and let 'K : 
X X I — > y be a G-homotopy such that !K(x, u) = fu{x) , = 0, 1 , and denote 
by "Ji^ : X^ x / — > the restriction of Jf, which is a homotopy between 
and /f . By [15j, there is a homotopy : F{X" ,M{G/H)) x I — y 
F{Y",M{G/H)) between {f^)^ and (/f which is given by Ji"{u,t) = 
where 5Cf (x) = Ji"{x,t), x e X" . 

Define a homotopy^i? : l\ ^i^^ ^ M{G/ H)) x I — > l\ F{Y^ , M{G/ H)) by 
R{{uH)HcG,t) = {5{^{uH,t))HcG- Define X : 3^{X,M) xl ^ J(y, M) by 
%{u,t) = 'Kt:f{u) and consider the diagram 

n F{X^, M{G/H)) X I — ^ n M{G/H)) 



Px xid 



Py 



J{X, M) X / M) . 

Since both R and % are homomorphisms for each fixed t, we may check the 
commutativity on a generator {{lHXH)HcG,t) ^ Y[ ^(.-^^ ^ ^i^/ ^)) x as 
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follows: 



PyR{{Ihxh)h<zG, t) = py{{Ih'^" {XH, t))HcG) 

HcG 

%{PX X id){{lHXH),t) =^[Y1 M^{'1xh){Ih)xh] 

\hcg J 
= M,{Jit^^)M,{q^„){lH)'K{xH,t) . 



HcG 

Both expressions are equal, since "K^ is the restriction of !H, and one clearly 
has that ^j<;ff(j;^,t) : G/H — > G/G^^j.H,t) equal to the composite G/H 

G/Gxu G/G'}i(^XH,t) ■ Since px x id is an identification, % is continuous an 
so it is a homotopy as desired. 

The homotopy % is G-equivariant. Indeed, since "Kt* is G-equivariant, one has 
'X{g ■u,t) = Oit*{g ■ u) = gJit*{u) = gX{u,t). Thus we can take the restriction 
of X, X : T"{X,M) xl — > T"(Y,M), which is a homotopy between /q* 

_Q 

and , and by the naturality of /3 , we also have a commutative diagram 

M) X / — 3"(y, M) 

^{X,M)xI—^ ^{Y,M), 

A. 

where X^{v,t) = :Kg{v). Thus /o^,/f; : 3^{X,M) S^(y,M) are also 
homotopic. ■ 



We shall need the following G-equivariant version of the Whitehead Theorem. 



Proposition 2.5 Let Y and Z be G-spaces and ip : Y — > Z he a G- 
equivariant weak homotopy equivalence. Let yo & Y and if{yo) E Z be base 
points. Assume that (Y, yo) and {Z, (^(yo)) have the G-homotopy type of pointed 
G-CW-complexes. Then ip : {Y,yo) — > {Z,(p{yo)) is a pointed G-homotopy 
equivalence. 
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Proof: Consider the square 



(C,co)- - - {D,do), 

where (C, cq) and {D,dQ) are pointed G-CW-complexes and ^p is defined so 
that the square commutes. Since the vertical arrows are G-homotopy equiva- 
lences, ip is a, G-equivariant weak homotopy equivalence. 

Using [6l 11(2.5)], one can show that -0 is a pointed G-homotopy equivalence. 
Therefore if is also a pointed G-homotopy equivalence. ■ 

As a consequence of the previous two results we have the following. 

Corollary 2.6 Let Y and Z be G -spaces and f : Y — > Z be a G -equivariant 
weak homotopy equivalence. Let yo & Y and ip{yo) & Z be base points. As- 
sume that (Y,yQ) and (Z, 99(1/0)) have the G-homotopy type of pointed G- 
CW-complexes. Then ip induces a homotopy equivalence of topological groups 
iff :3^G{Y,M) ^JG{Z,M). ■ 

Lemma 2.7 Let {X,xo) be a pointed G-space of the G-homotopy type of a 
pointed G -CW-complex, and let §>{X) be the singular simplicial G-set of X . 
Let px ■ |S(-'^)| — > X be given by p{[a,s]) = cr{s), where a : A"^ — > X and 
s £ A"?. Then p^^ : J<^(|§(X)|, M) — > 3''^{X,M) is a homotopy equivalence 
of topological groups. 

Proof: By [5, 1.9(e)], we have \§{X)\^ = |S(X)^|, and clearly \S{X)^\ = 
|S(X^)|. Hence : |S(X)|^ — > X" coincides with pxn : |S(X^)| — > X" , 
which by Milnor's theorem (see [13]) is a weak homotopy equivalence. Therefore, 
Px is a G-equivariant weak homotopy equivalence. Hence, by the previous 
corollary, the result follows. ■ 

Definition 2.8 Assume now that Q is a simplicial pointed G-set and consider 
the simplicial group F{Q,M) such that for any n, F{Q,M)n = F{Qn,M). 
Given a morphism p, : m — y n in A, we denote by p'^ : Qn — > Qm the 
induced pointed G-function. Then we define p^iQ'^^ = p^ : F{Q,M)n — > 
F{Q, M)m ■ Then one has two other simplicial groups F^{Q,M) and F^{Q,M). 

Q 

F {Q,M) is the simplicial subgroup of F{Q,M) induced by the restricted 
functor ^^{—,M) defined above. F^{Q,M) is the simplicial quotient group of 
F{Q,M) induced by the quotient functor F^{—,M) defined in page[5j 
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Theorem 2.9 There is a natural isomorphism of topological groups 

: |F(Q,Af)| n\Q\,M) given by ^Q{[lx,t]) = M,((?,,t)(/)[x, t] , 
where qx,t ■ G/Gx is the canonical projection. 

Proof: In [2, 2.6] we showed that is a natural isomorphism of abehan 
groups. Thus we only need to prove that it is a homeomorphism. First recall [5l 
1.9(e)] that \Q^\ = \Q\^ ■ Now we are going to see that the following diagram 
commutes. 

I Whcg HQ"", M{G/H))\ ^ n//cG WiQ"". M{G/H))\ 
\VQ\ Y{HcGn\Q''lM{G/H)) 

P\Q\ 



\F{Q,M)\ 



M) . 



Take a generator [{Ihxh)h<ig,t] G | H/fcG ^W^' ^(G"/^))! • Then we can 
chase it down and we get \Y1iH(ig ^^*il3^H){^H)xH:T\ , and then to the right 
to obtain Y^h^^g ■^*(^^h,t)^*{Pxh){^h)[xh,t]. If we first go right and down 
with n V'q^^ ) we get {Ih[xh,t]) , and then down again with P\q\, we obtain 
'12hcG^*(.^^h){^h)[xh,t], where 



G/H 



G/ G^XH,' 



G I Gxfj 

are the canonical projections. By [13j, the isomorphism on the top is a home- 
omorphism, and by p[], each iI^qh is also a homeomorphism. Since pq is a 
surjective simplicial map, its realization \pq\ is an identification. And since p\Q\ 
is also an identification, then is a homeomorphism. ■ 



Corollary 2.10 There are natural isomorphisms of topological groups 

: \f[Q,M)\ ^F^(|Q|,M) and : |F^(Q, M)| ^ J«(|g|, M) . 

Proof: The following is clearly a commutative diagram: 

|F^(Q,M)|^ Af)| ^ |F^(Q,M)| 



itG 



'3' {\QlMf 



/3|Q| 

M)^jf?(|g|,M) 
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and the vertical arrows on the sides are isomorphisms of abelian groups (see 
[21 2.6]). Since the one in the middle, by the previous theorem, is a homeomor- 
phism, and the first horizontal arrows are embeddings, while the second ones 
are identifications, ^'g and ^'g are homeomorphisms too. ■ 

The following is the main result of this section. 

Theorem 2.11 Let M be a covariant coefRcient system for G and X a pointed 
G -space of the homotopy type of a G -CW-complex. Then the homotopy groups 

7r,(3-^(X,M)) 

are naturally isomorphic to the (reduced) Bredon-IUman G -equivariant homol- 
ogy groups H^{X;M^,) with coefEcients in M. 

Proof: F^{${X),M) is a simplicial abelian group and hence, by |13j . it is a 
chain complex with differential : F^{$q{X),M) — > F'^(§g_i(X), Af) given 

by dq = X]i=o(~^)*('^f^"'^^)*' • i^' ^-^l ^^^^ chain complex is isomorphic to 
Illman's chain complex S^{X,*;M) given in |1H p. 15], whose homology is 
by definition the Bredon-Illman G-equivariant reduced homology of X with 
coefficients in M, denoted by H^{X;M). 

We shall give an isomorphism 

Hg{F^{§,{X),M)) ^7r,(J^(X,M)). 

To construct the isomorphism, we shall give several isomorphisms as depicted 
in the following diagram. 

H,{F<^(HX),M)) ^ vr,(FG(S(X), M)) vr,(S(|F^(S(X), M)|)) 



n.iJ^iX, M)) -I- vr,( J^(|S(X)|, M)) 7r,(|F^(§(X), M)|) 

IP* J* S(X)* 

By fl3', 22.1], is an isomorphism. In particular, this shows that every cycle 
in H^{X; M) is represented by a chain u, all of whose faces are zero. We call 
this a special chain. 

The homomorphism which is given by ^'(u)[r] = [u, r] , where u is a special 
g-chain and r G A"^, is an isomorphism, as follows from \1?>\ 16.6]. 

In order to define <I>, we must express ^{u) as a map 7 : (A[q],A[g]) — > 
(S|F^(S(X),M)|,*). By the Yoneda lemma, 7 is the unique map such that 
7((5g) = ^(■u), where 5q = id : q — > q. The homomorphism defined by 
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^[t] [/)''"'] = 7(/) (''"') 5 / ^ ^[oln and r' € A", is given by the adjunction 
between the reahzation functor and the singular complex functor (see [13\ 16.1]). 

By Theorem 12. 9| ^'s(x) is an isomorphism of topological groups. 

Finally, by Lemma l2.7t the homomorphism p'^ is a homotopy equivalence. ■ 

Remark 2.12 Chasing along the diagram and using the canonical homeo- 
morphism \A[q]\ — > given by [/, t'] i-^ /.^(r'), one obtains that the iso- 
morphism Hq{F^ {§>{X),M)) — > TTq{3'^{X, M)) is given as follows. It maps 
a homology class [u] represented by a special chain u = (^("^a)) to 

the homotopy class [u] given by u{t) = X]a7^ (t)(-^*(^'")(^('^")))' '^^ere 
Pa '■ G/Gfja — > G/GcTcir) is the quotient function and §{X)/G = {[cq]}. 



3 Other topological abelian groups 

A different way of topologizing the abelian groups F{X\M) and F^{X\M) 
F'-' (X^ , M) , where X^ denotes the underlying set of X , is as follows. 

Definition 3.1 Let X be a pointed G-space (not necessarily a k-space) and 
M be a covariant coefficient system. Denote by §{X) the singular simplicial 
pointed G-set associated to X and consider the surjective map 

TTX : \F{S{X),M)\ ^ F{X\M) given by 7Tx{[l<T,t]) = M,{p^^t){l)a{t) , 

where p^^t '■ G/G^ G/G^(^t) is the canonical projection. 

Give F{X^ , M) the identification topology defined by ttx and denote the result- 
ing space by F(X,M). Moreover, denote by ¥^{X,M) the group 'F^{X\M) 
with the relative k-topology induced by ix and denote by F*^(X, M) the group 
F'~^{X^,M) with the quotient topology induced by (ix- 

Consider the restriction of ttx 

: |F^(S(X),M)| -^F^{X,M) 

and denote by ¥^{X,M) the resulting identification space. 

We thus have a commutative diagram 

|F^(§(X),M)|^ \F{HX),M)\ ^ |F^(§(X),M)| 

F^iX, M) f ^(X, M)^^3^ F(X, M) FG(X, M) , 
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Q 

where the vertical maps are identifications. Thus id : ¥^{X,M) — > F (X, M) 
is continuous. 

Remark 3.2 The topological groups F^{X, M) were defined in [3]. 

Recall [4J that a (pointed) G-space X is called a strong p -space if the map 
px '■ \^{X)\ — > X, given by px{[o',t]) = cr{t), is a G-retraction. 

Proposition 3.3 If X is a strong p-space, then id : ¥{X, M) — > M) 

Q Q 

is a homeomorphism, and hence the maps id : ¥ {X,M) 3- {X,M) and 
id : ¥'-'{X,M) — > 3"^(X, M) are also homeomorphisms. 



Proof: Consider the diagram 

\F{§{X),M)\-^Ji\§iX)\,M) 



px* 



¥{X,M) =^ 3"(X,M). 

One easily verifies that the diagram commutes. The map on the top is a home- 
omorphism bv l2.9l the vertical map on the left is an identification by definition, 
and the vertical map on the right is an identification, since it is a retraction. 
Thus the identity on the bottom is a homeomorphism. ■ 

Corollary 3.4 If X is a strong p-space, then the topological groups ¥^{X, M) 
and !I'^{X,M) are equal, as well as the topological groups ¥ {X,M) and 
W^{X,M). m 

Example 3.5 If is a simplicial G-set, then by |4j, \K\ is a strong p-space. 
Hence the topological groups F(|i^'|,M) and 3'{\K\,M) are equal, and thus 
also the topological groups ¥'~' {\K\, M) and H''' {\K\, M) are equal, as well as 
the topological groups ¥^{\K\,M) and J^{\K\,M). 

Proposition 3.6 If X is a strong p-space, then ¥'^{X,M) = 9^{X,M). 

Proof: Since X is a strong p-space, the map px '■ |S(-^)| — > X is a G- 
retraction. Thus the epimorphism p^ : 3"'^([S(X)[, M) ^^{X, M) is an iden- 
tification. Consider the diagram 

|F^(S(X),M)| J^(|S(X)|,M) 

-gj \p? 
¥^{X,M) 3^{X,M). 
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By definition of vr^ it commutes and by 12.91 the arrow on the top is an isomor- 
phism of topological groups. Since both vertical arrows are identifications, the 
result follows. ■ 



There are other topological groups related to the ones previously defined, that 
were studied in [3j. 

Definition 3.7 Let X be a pointed G-space (not necessarily a k-space) and 
M be a covariant coefficient system for G. Define the topological group (in the 
category of k-spaces) 

F{X,M) = \F{§{X),M)\, 

Q Q 

as well as the subgroup F {X,M) = \F {§{X), M)\ and the quotient group 
F'^{X,M) = \F'-'{§{X),M)\. One clearly has continuous homomorphisms 

F^{X, M) 4 F{X, M) ^ F^{X, M) 

given by ix = ks{Js:)l and Px = !/3s(x)l- The first is an embedding and the 
second a quotient map of topological groups. 

Remark 3.8 One has identifications of topological groups 

F^(X,M) ^ F'^(X,M) , F(X,M) ^ F(X,M) , F^ {X,M) {X,M) . 

We shall see below under which conditions the topological groups F<^(X, M) 

Q 

and F (X, M) are equal. 

4 Coefficients in k-Ttod 

In this section we shall assume that M : 0(G) — > k-dJlod, where A; is a field 
of characteristic or a prime p that does not divide the order of G, 

Recall that if 5 is a pointed G-set, then we have homomorphisms 

F^{S, M) 4 F{S, M) ^ F^{S, M) . 
We shall study the composite as = (is ° t^s ■ F^iS, M) — > FG{S, M) . 

Proposition 4.1 Let S he a pointed G-set. Then as is a natural isomor- 
phism. 
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Proof: Take a generator 

7^(0 = Yl M,{Rg-.){l){gx)eF^{S,M). 

[5]eG/G, 

Since ^^^M^{Rg-i) = 7^, we have 

\[9]6G/G. / 

= Yl f3s {M^Rg-imigx)) 

[9]&G/G^ 
[9]eG/G. 
[!7]6G/G. 

= [G:G,]7f(0 

Since p / |G| , the indexes [G : G^;] , seen as elements in k , are invertible elements, 
i.e., there exist the elements [G : Gx]~^ £ k. Since for every generator 7^(/), 
one has 

ash^{[G:Gx]-H) = j^{l), 

Q 

as is surjective. To see that it is injective, assume that u £ F (S, M) is such 
that as{u) = 0. Hence 

as{u){x) = [G:G.j,]u{x) = Vx. 
Thus [G:Gx\~^[G:Gx\u{x) = u{x) = for all x and so n = 0. 
The naturality of as follows from p.ip . ■ 

Proposition 4.2 Let X be a pointed G-space. Then 

(a) ax = |as(x)| : f''(X,M) = \f'' i§iX), M)\ {F^ {HX), M)\ = 
F^{X,M) and 

(b) ax : ¥^{X, M) — > F^(X, M) 
are isomorphisms of topological groups. 
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Proof: (a) follows immediately from Proposition 14.11 To see (b), consider the 
diagram 

|f''(S(X), M)| |F«(S(X), M)l 



4 



F«(X, M) ^ F^(X, M) . 

To see that it is commutative, take a generator [7^(0)*] ^ • 
Then 

«x7rf ([7^(/),t]) = ax([G.(i) :G.]7^(i)M*(Pa)(0) 

= [G.(i):G.]75t)M*(Pa)([G:G.(t)]/) 



7St)M,(p.)([G:G.]/) 



^3jl«S(X)l([7^(0,i]) = vr3j([7.^([G:G.]/),t]) 

j{t) 



Thus we have the assertion. 



Since both vertical arrows are identifications, |as(x)l on the top is a homeo- 
morphism and ax on the bottom is bijective, then ax is a homeomorphism 
too. ■ 

Corollary 4.3 The topological groups ¥ {X, M) and W'^ {X, M) are naturally 
isomorphic. 

Proof: The isomorphism of topological groups ax factors as the composite 
ax : ¥^iX, M) ¥{X, M) ¥^{X, M) . 

Therefore a^ o px : F(X, M) — > ¥^{X,M) is a left inverse for lx, so that 
ix is an embedding. Hence ¥^{X, M) = ¥^{X, M) ^ ¥^{X, M) . ■ 



5 Some applications of the homotopical Bredon-Illman ho- 
mology 

In this section we shall use the topological groups 3"*^(X, M) defined in Section 
O together with the G-equivariant weak homotopy equivalence axiom, that 
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we proved in [5] using the groups F^{X,M), to show that the Bredon-Illman 
equivariant homology satisfies the (infinite) wedge axiom and to make some 
calculations. We start with a general result. 

Lemma 5.1 Let X have the homotopy type of a CW-complex. Then the 
connected components and the path-components of X coincide. 

Proof: Let C : Top — > Set be the functor which associates to a space X the 
set C{X) of its connected components. This is clearly a homotopy functor. 

Now let if : X — > y be a homotopy equivalence, where y is a CW-complex. 
Consider the commutative diagram 

Tro{X)-^7To{Y) 



Since Y is locally path-connected, the arrow on the right is a bijection. Hence 
the arrow on the left is also a bijection. ■ 

Definition 5.2 Let A be a set of indexes, and let p{A) be the set of finite 
subsets of A. p{A) is a directed set by inclusion. Let {Fa | a G A} be a family of 
pointed k-spaces. If ^ C -B are finite sets of indexes, then we have an inclusion 
riasA -^o! C ri/jeB defined by putting the base point *^ in each factor 
whenever (3 ^ A. Define 

Fa = colim TT Fa . 

Since the category k-Top is closed under colimits, this new space lies in k-Top. 
Notice that when A = N is the set of natural numbers, then the space defined 
above coincides with the weak product defined in |19j . 



Remark 5.3 If the spaces F^ in the previous definition are topological abelian 
groups, then algebraically 0^^^^ F^ is the direct sum of them, and the topology 
defined therein will give this sum a structure of a topological group (see next 
proposition). Thus, as topological groups, 

F„ = colim Fa . 

agA ^ ' a^A 

Proposition 5.4 If for each a E A, Fa is a Ti topological group, then 
®aeA is a topological group. 
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Proof: Since we are taking products in k-Top, we consider a compact Haus- 
dorff space K and any continuous map / : K — > ©ck=a x ®aeA ■ We 
thus have to prove that the composite 

K ^ 0aGA ^ 0aeA ^ 0aGA 

is continuous. 

To see this, notice that the family {^^eA Fa \ A £ p(A)} has the following two 
properties: 

(i) For any A,B e p(A) the index C = ACiB e p{A) satisfies 

aeA I3&B 7eC 

(ii) For each A G p(A), the set {B G p{A) \ 0^^^ C 0^^^ Fa,} is finite. 

Therefore, by [9, 15.10], there are indexes Ai, . . . , Am and Bi, . . . ,Bn, such 
that pif{K) C 0,g^^ F„ U • • • U 0^g^^ and p2f{K) C 0^^^^ U • • • U 
0/3eSn -^/^ ' w^sre pi and p2 are the projections. Let C = AiU ■ ■ - U Am U BiU 
• • • U Bn ■ Hence we have the following commutative diagram: 



— ©QgA Fa X 0„gA ^ ©ogA ^a 

where the sum on the top is continuous because a finite product of topolog- 
ical groups is a topological group, and the vertical inclusion on the right is 
continuous. Hence the composite on the bottom is continuous. ■ 

Proposition 5.5 Let X and Y he pointed spaces and L be an abelian group. 
Then there is an isomorphism of topological groups 

F{X \/Y,L)^ F{X, L) X L) . 
Proof: Consider the sequences of spaces 

x\/Y — ^ Y y^-^ X V y X 

Then it follows that 

F{X, L) F{X V y, L) FiY, L) 

is a short exact sequence that splits. Namely, by functoriality one has that i^, 
is a split monomorphism, is a split epimorphism and o = 0. Now, if 

V G F{X V y, L) is such that q*{v) = 0, then q<t{v){y) = v{xQ,y) = 0. Thus 

V = i*{u), where u G F{X,L) is given by u{x) = v{x,yQ). ■ 
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Coming back to Definition 15.21 we have the following generalization to the 
infinite case of the previous proposition. 

Proposition 5.6 Let X^, a G A, he a family of pointed spaces. Then there 
is an isomorphism of topological groups 0^^^ ^{-^a, L) = F{\/^^j^ Xa,L) . 

Proof: For each A G p{A) , call Va : ©^e^F(X«,L) ^ F{\I^^^X^,L) 
F{\/ ^^j^Xa, L) , where the isomorphism comes from Proposition 15.51 and the 
second map is induced by the canonical inclusion. If A C B , one easily verifies 
that ipB = '4'AO'4>A,B, where Va,b : 0„g^ -F(Xa, -L) — > 0^g^F(X„,L) is 
induced by the inclusion VqgA -^a C Vogs -^a modulo the isomorphism of l5.51 

By the universal property of the colimit, the maps (continuous homomorphisms) 
ipA induce a continuous homomorphism 

i^:^F{Xa,L)^F{\/ Xa,L). 

oGA oGA 

In order to see that ip is an isomorphism of topological groups, we now construct 
an inverse 

^■.F{\/ Xc.,L) ^^F{Xa,L) 

aGA oGA 

as follows. Let u : y^^j^Xa — > L be an element in F{\/ ^^j^^Xa, L) and let 
Ua '■ Xq, — > L be the restriction of u] that is, = p^* (u), where pa ■ 
VqgA -^a — > Xa is the canonical projection. Then Ua ^ only for finitely 
many values of a, i.e., only for a (z A, and some A G p(A). Thus (uq) G 
0^g^-F(XQ,L) and one can define ^{u) = (uq). The homomorphism ^ is 
clearly an (algebraic) inverse of ip. To see that ^ is continuous, define the 
function x ■ L x Vo-gA — ^ 0aGA ■^(-'^a' by xil-,Xa) = Ixa- Composing x 
with the identification JJ^gA ^ ^ -^a ^ L x Vqga -^a and then restricting to 
each L x X^ , we obtain the composite 

LxXa^ F{Xa, FiX^,L) 

qGA 

which is continuous. Therefore x is continuous. Now consider the commutative 
diagram 

(L X V„gA X^)>^ (0„g^ F{X^,L)f 

+ 

F{y^^^X^,L)^^ 0„g^F(X,,L). 

Since the vertical map on the left is an identification and the maps on the top 
and on the right are continuous (+ by I5.4p . ^ is continuous. ■ 
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Now we can use the groups 3^{X,M) to prove that the Bredon-Illman G- 
equivariant homology theory H^{—]M) satisfies the wedge axiom. We need a 
lemma whose proof is not difficult. 

Lemma 5.7 Let {Ya, ip^a ■ Ya ^ Y/s} 9,nd {Ya] i/3,a '■ Ya ^ Yp} be diagrams 
in ic-Top such that each ijs^a 

and ip^a are closed embeddings, and let {qa : Ya 
Yq,} be a family of identiEcations such that qfi o „ = q, o . Then the map 
q : colim Ya colim Ya induced in the colimits in k-7op is an identification. ■ 

The next lemma is a consequence of the previous one. 

Lemma 5.8 Let Xa be a pointed G -space for each a G A. Then the map 

e«.A Uhcg nxS: M{G/H)) ^ e„,^ 3-«(x„, m) 

is an identification. ■ 

Now, as an application of our groups 3-^{X, M) , we have the next results. First 
we have that the Bredon-Illman homology satisfies the wedge- axiom. 

Proposition 5.9 Let Xa, a E A, be an arbitrary family of pointed G-spaces. 
Then there is an isomorphism 

V Xa, M) ^ 3^^{Xa, M) . 

Proof: By Proposition 15.61 the inclusions ia '■ Xa ^ Va -^a induce an iso- 
morphism ip of topological groups by 



®aeAUHcGnxS-^MiG/H)) 



Uhcg ®aeA > M{G/H)) ^ Uhcg HVaeA , M{G/H)) 

Similarly, we can define an isomorphism of abelian groups 

V'^ ■■ e.eA ^(^"; ^(VaeA Xa,M). 

They fit into a commutative diagram 

e. Whcg F {xS; M{G/H)) Uhcg F (V„ , M{G/H)) 

e„ {Xa, M) Xa, M) , 
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where the vertical arrows are identifications (the left one by the previous lemma) . 
Since the top arrow is a homeomorphism, then the bottom arrow is a homeo- 
morphism too. ■ 



Proposition 5.10 Let Xa, a € A, he an arbitrary family of pointed G -spaces 
having the homotopy type of G-CW-coniplexes. Then there is an isomorphism 

H^(\/ Xa] M) ^ H^{Xa; M) . 

a a 

Proof: Under conditions (i) and (ii) given in the proof of l5.4l that are satisfied 
by the family {0„g^ 3''^(Vo ^a, M) | A G p(A)}, it is proved in [9j that the 
homotopy groups commute with the colimit. Hence 





(by|2.1lD 


aeA 






(byESD 






^g(colimA(03-^(X,,M))) 


(by El 


aeA 




colimAK(03"^(X„,M))) 


(by [9, 15.9]) 


aeA 




colimA(07r,(:J^(X„,M))) 
aeA 


(since A is finite) 


0^,(:f^(x„,m))) 


(by El 






0^f(X,;M) 

aeA 


(by 12.111). 



In order to prove the wedge axiom in full generality, we need the following 
lemmas. 

Lemma 5.11 Let X and Y , and X' and Y' be well-pointed spaces and let 
if : X' — X and ip : Y' — > Y be weak homotopy equivalences (mapping base 
points to base points). Then ip V i{j : X' y Y' — > X y Y is a weak homotopy 
equivalence. 

Proof: Consider the double attaching spaces X L) I U Y and X' L) I L) Y' , 
where the base point xq € ^ is identified with € /, the base point i/q & Y 
is identified with 1 E /, and similarly with the other union. Since the spaces 
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are well pointed, the quotient maps q : X L) I Li Y X \/ Y and q' : X' L) 
/ U y X' V Y' that collapse I to the common base point are homotopy 
equivalences. The pairs {X U [0, 1), (0, 1] U Y) and {X' U [0, 1), (0, 1] U Y') are 
excisive in X U I L) Y and X' U I UY , respectively. Hence, by O 16.24], the 
map ip U id/ Dip : X U I UY — > X' U I UY' is a weak homotopy equivalence. 
The following is clearly a commutative diagram 

ipUidr Uii 

X'UIUY' ^ XUIUY 



X'\JY' ■ 



xyY . 



Therefore, (pM ij) is a weak homotopy equivalence. 



As a consequence, we obtain the following result. 



Lemma 5.12 Let X^ and X'^, a € A be an arbitrary family of well-pointed 
G -spaces, and let fa '■ X'^ — > X^ be an equivariant weak homotopy equiv- 
alences (mapping base points to base points). Then "VaeAfa ■ MaeA-^'a — ^ 
Vqga -^a is an equivariant weak homotopy equivalence. 

Proof: First notice that since the base points are fixed under the G-action, 
(V„eA^a)^ = V^gA^a . and similarly (V.gA^a)^ = VaeA^a""- 

Let p{A) be the set of finite subsets of A. Then, bv I5.11|. for every A G p(A), 

a€A is a weak homotopy equivalence and in- 
duces isomorphisms between all the homotopy groups. Thus again, as in the 
proof of EIO] and using [9i 15.9], ^a^kfa ■ VaeA^a^ ^ M a&K^S induces 
isomorphisms in all homotopy groups and hence it is a weak homotopy equiva- 
lence, thus \/aeAfa ■ Voga -^'a — ^ VaeA -^a is an equivariant weak homotopy 
equivalence. ■ 

Now we can prove the general wedge axiom for the Bredon-Illman G-equivariant 
homology. 



Theorem 5.13 Let X^, a € A, be an arbitrary family of well-pointed G- 
spaces. Then there is an isomorphism ^^^^ [Xa] M) = {\J ^^^X^] M) 
induced by the canonical inclusions Xa V Xa . 

Proof: For each a £ A there is an equivariant weak homotopy equivalence 
ipa '. Xa — > Xa , where Xa is a (pointed) G-CW-complex (for instance Xa = 

\HXa)\). 
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Bv l5.12l if = Vq(/7q : Va — > \l a -^a is ail equivariant weak homotopy equiv- 
alence. Hence, by jSJ 1.19], ip induces an isomorphism ip^, : H^(\J ^Xa] M) — y 
H^iy^Xa). Recall that 

H^iy X^; M) = H^ay X^y- M) and (\/ X^) = H^i{\/ M) . 

On the other hand, the cofiber sequences 

a Oi a a 

induce short exact sequences that fit into the diagram 

H^iS^- M) #o^((V„ M) ^^^(V, X^; M) 



H^{^^- M) H^{{\J^ X^)+- M) H§{\J^ X^- M) 

Thus, by the five-lemma, we have an isomorphism 

: H^{\l M) H^{\J X„; M) . 

a a 

On the other hand, since H^{S^; M) =0 if g > 0, there are isomorphisms 
^.^((V M) - ^^^(V X^; M) 

a a 

H^{(\l M) - ^^^(V X,; M) 

a a 

and thus also an isomorphism 

: H^{\l X„; M) H^{\/ X^; M) . 



Similarly, for every a S A, there are isomorphisms 

: H^{X^; M) H^{X^; M) . 

Since the G-spaces Xa are G-CW-complexes, bv 15. 101 there is an isomorphism 
H^iXa, M) - H^{\J X^; M) 

for all g > 0, and by the isomorphisms above it follows that there is an isomor- 
phism 

M) - ^^^(V X^- M) 

as desired. ■ 
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Next we make some calculations using the homotopical approach to Bredon- 
Illman homology. 

Proposition 5.14 Let X he a pointed G-space of the homotopy type of a 
G -CW-complex. Assume that is connected for each H C G. Then 

H^{X;M) = 0. 

Proof: By Lemma [SH G{X^) = tto{X^) for each H cG. Hence 

Mnx'',M{G/H))) ^ Ho{X'';M{G/H) =0. 

Thus the topological groups F{X^ , M{G/H)) are path-connected and so is 
their product. Since 3"'^(X, M) is a quotient of this product, its also path- 
connected. Hence = 7ro(3"^(X, M)) ^ H^{X; M) . ■ 

Proposition 5.15 Let X be a G-space of the homotopy type of a G-CW- 
complex. Assume that X^ is connected for each H C G. Consider the fam- 
ily "K of all H C G such that X^ ^ ^. Then H^{X;M) is a quotient of 
®H&^(G/H). Furthermore, if X has a fixed point, then H^{X;M) ^ 
M{G/G). 

Proof: For each G IK, there is an isomorphism 

7ro(F((X^)+,M(G/F))) ^ Fo(X^;M(G//7)) ^ Af(G/i7) . 
Hence one has an epimorphism 

MiG/H) - 7ro( n F{{X^)^,M{G/H))) - 7ro( M)) - H^{X;M) . 

He'K H£-K 

Furthermore, if X has a fixed point xq , then X^ = X V S° , where we take xq 
as base point of X . By the exactness axiom, one always has H^{X V Y; M) = 
H^{X;M) ® H^{Y;M). Then, in particular, H^{X+;M) ^ H^{X;M) 
Hq{S^;M). Since by the previous proposition Hq{X;M) = 0, one obtains 
Hf{X; M) ^ ^o^(S°; M) ^ M{G/G) . ■ 

6 Dold-Thom topological groups and the transfer 

In this section we summarize the properties of the topological groups defined 
and explain which of them admit a transfer, either for ordinary or for ramified 
covering G-maps. We start with the following concept. 



24 



Definition 6.1 Let M be a covariant coefficient system for G. We shall call 
a functor '^{—,M) : G-Top — > Topab a Dold-Thom topological group func- 
tor with coefficients in M for a subcategory 7 C G-Top if there is a natural 
isomorphism 

:vr,(g(X,M)) ^^f(X;M), 

where the right-hand side denotes the reduced G-equivariant Bredon-IUman 
homology groups of X with coefficients in M, and X is an object of T. 

Examples 6.2 The following are examples of Dold-Thom topological group 
functors with coefficients in a coefficient system M: 

1. The groups F<^(X,M) = |F'^(S(X), M)| , for any G-space X, defined in 

I21- 

2. The groups ¥^{X, M) defined in Section 5 of [3], when M is a homological 
Mackey functor and X has the homotopy type of a G-CW-complex. 

3. The groups 'J^iX, M) as shown in l^TTl 

4. The groups \F^{Q,M)\ for X = \Q\ and Q a simplicial G-set, in partic- 
ular, the simplicial G-set associated to a simplicial G-complex as shown 
in 0. 

5. The groups AG(X) and KG{X;m) defined by Dold and Thorn [7] in 
the nonequivariant case, where the coefficients are a cyclic group (Z and 
Z/mZ, respectively) and X is a (countable) simplicial complex. Here G 
does not stand for any group. 

6. The groups B{L,X) defined by McCord [15] in the nonequivariant case 
and coefficients in an abelian group L, where X is a weak Hausdorff 
k-space of the homotopy type of a CW-complex. 

7. The groups AG(X) defined by Lima-Filho ^JJJ for a G-CW-complex X 
and coefficients in Z. 

8. The groups L®X defined by dos Santos [TO] for a pointed G-CW-complex 
X and coefficients in a G-module L. 

9. The groups SX M defined in [17j for a pointed G-CW-complex X. 

And if M takes values in /c-Mod, where k is a field of characteristic or a 
prime p that does not divide |G|: 

10. The groups f'^(X,M), bv lOf a) and 1. 

Q 

11. The groups F (X, M) , if X has the homotopy type of a G-CW-complex, 
by [O] and 2. 
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12. The groups J^{X,M) for a strong p-space X, bv lOf b). 0113:61 and 3. 

Definition 6.3 Let M be a Mackey functor for the finite group G and 
S(— ,M) be a Dold-Thom topological group functor with coefficients in (the 
covariant part of) M. Let p : E — y X be either an n-fold G-equivariant 
ordinary covering map (see [2]) or an n-fold G-equivariant ramified covering 
map (see ^). By a transfer for p in S(— ,M) we understand a continuous 
homomorphism 

: g(X+,M) 9{E+,M), 
which satisfies the following conditions: 
(a) Fullback: If / : y — t- X is continuous and we take the pullback diagram 

q 

Y ^ X, 

f 



then o fG = fG :S{Y+,M) ^ %E+,M) . 

fG 



(b) Normalization: If p = idx : ^ — > X, then tf^ = id : g(X+,M) 



%X+,M). 

(c) Functoriality: li p : E — > X and q : X — > Y are G-equivariant ordi- 
nary, resp. ramified covering maps, then 

C = o : 9(1^+, M) %E+,M) . 

(d) If M is homological, then the composite pGofG : S{X+,M) — > g(X+, M) 
is multiplication by n. 

Examples 6.4 The following Dold-Thom topological group functors have trans- 
fers for p: 

1. li p : E — > X is an n-fold G-equivariant ordinary covering map and 
M is any Mackey functor, then there is a transfer tp : fG(^X~^,M) — > 
FG{E+,M), as shown in [2j. 

2. li p : E — > X is an n-fold G-equivariant ramified covering map between 
strong p-spaces of the homotopy type of G-CW-complexes, and M is 
homological, then there is a transfer tp : F*-'(X+, M) — > F*^(i?+, M) , as 
shown in 141. 
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3. p : K — > Q is a special G-equivariant simplicial ramified cover- 
ing map and M is any Mackey functor, then there is a transfer \tp\ : 
\F'^{Q+,M)\ — > \F^{K+,M)\, as shown in [5]. 

4. If p : E — > X is an n-fold G-equivariant ramified covering map between 
strong yO-spaces of the homotopy type of G-CW-complexes, and M is 
homological, then there is a transfer : 3^^{X+,M) — > J^{E+,M), 
bv 13.31 and Example 2. 

Remark 6.5 Let p : E — > X be an n-fold G-equivariant covering map. The 
restrictions p^ : E^ — > X^ are not, in general, covering maps. Thus there are 
no transfers F{X^+ ,M{G/H)) — > F{E^+ , M{G/ H)) . Since the topology of 
the groups S"*^ {X~^ , M) and 3"*^ (£""*" , M) is given in terms of that of the groups 
F{X^+,M{G/H)) and F{E"+,M{G/H)), it does not seem possible to prove 
the continuity of tp. And even if the transfers tpH exist, they do not commute 
with the identifications. However, if as stated in Example 4 above, the spaces 
are /o-spaces, then the groups 3^(X"'",M) and 3"*^ (£'"'', M) coincide with the 
groups ¥^{X^ , M) and F*^(S+,M), as shown in 13.41 and one can show that 
the transfer is continuous. 

Now we study the homotopy type of the Dold-Thom topological groups. First 
we have the following general result. 

Theorem 6.6 Let A he a locally connected topological abelian group in the 
category k-7op that has the homotopy type of a CW-complex. Then there is a 
homotopy equivalence 

q>0 

where K{TTq{A),q) denotes the corresponding Eilenberg-Mac Lane space. 

Proof: Since translation by oq , oq € A, is a homeomorphism in the k-topology, 
the connected component j4o of G j4 is a closed subgroup of A. 

By Lemma 15.11 the connected components of A coincide with the path-com- 
ponents. Thus A is the topological sum of all its path-components, and they 
are closed and open, because A is locally connected. Since all path-components 
of A are homeomorphic (via translation) to Aq , we have a homeomorphism 

(6.7) A^Tro{A)xAo. 

Since A has the homotopy type of a CW-complex, so does . Consider 

Ao^F{Ao,Z)^Ao, 
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given by i{a) = la and z^(n) = YlaeAo u{a)a. Then i and are clearly continu- 
ous, and the composite i/oi is equal to the identity id^Q- Applying the functor 
TTg we have the following 

1 



71-5 (A 





^g(Ao) 



7rgiFiAo,Z)) 



where Xq is defined so that the triangle commutes, and thus we obtain a left 
inverse for the Hurewicz homomorphism. 

Now consider a homotopy equivalence Aq 
and the diagram 

^HgiAo) — 



Co , where Co is a CW-complex, 



vrg(Ao) 

TTg (Co 



■vrg(Ao) 

TTg (Co) , 



where Og is so that the diagram commutes. Hence Oq is a left inverse to 
Hurewicz too. Since Co is a connected CW-complex, by Moore's theorem (see 
[H IX(1.9)], we have Co ~ 0g>i i^(vrg(Co), g) (seeES]). Hence, using dO), 
we get 

A ^ TTo{A) X Ao ~ 7ro(A) X K{7Tq{Co), g) « K{TTq{Ao),q) . 

q>l q>0 



Remark 6.8 This result was proved by John Moore in pTO] for the case of 
connected simplicial abelian groups and furthermore by Dold and Thom [8] for 
the case of connected finite polyhedral abelian groups. 

As a consequence of Theorem 16.61 we have the following. 

Theorem 6.9 Let S{—,M) is a Dold-Thom topological group functor. If X 
is a pointed G -space such that %{X,M) is locally connected and has the ho- 
motopy type of a CW-complex, then 

3{X,M)^^K{HfiX;M),q). 
Hence these groups are unique up to homotopy. ■ 
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Proposition 6.10 (a) The topological groups F^{X, M) are CW-complexes 
for any pointed G -space X. 

(b) If X is a pointed G -CW-complex, then 3"'^(X, M) is locally connected 
and has the homotopy type of a CW-complex. 

(c) If X is a pointed G -simplicial complex or a finite-dimensional countable 
locally hnite G -CW-complex, then ¥'-'{X,M) is locally connected and 
has the homotopy type of a CW-complex. 

We conclude that in all these cases the topological groups have the homotopy 
typeof®^^,K{HG{X;M),q). 

Proof: (a) follows from the fact that F'^{X, M) is the geometric realization 
|F«(S(X),M)|. 

(b) First notice that the property of a space being locally connected is inherited 
by quotient spaces. Hence, if X is locally connected, so is also Y\^^^{LxX)"^ for 
any abelian group L, and given the quotient map nn>i(-^ ^ -^Y^ ~^ 

the topological group F[X, L) is locally connected. 

Now, if X is a G-CW-complex, then X^ is locally connected for every H C G. 
Hence each topological group F{X^ ,M{G/H)) is locally connected and since 
by definition there is a quotient map Y\jj^(j F{X^ , M{G/ H)) 3''^{X,M), 
the topological group 3^^{X, M) is also locally connected. Furthermore there is 
a G-homotopy equivalence px '■ — > ^ , which by the homotopy invari- 
ance [231 induces a homotopy equivalence : J*^ {\§{X)\, M) — > 9^{X,M). 
But bv 12.101 there is an isomorphism of topological groups 9'^(|§(X)|, M) = 
\F^{§{X),M)\, thus the first is a CW-complex, and hence 3^(X,M) has the 
homotopy type of a CW-complex. 

(c) Actually we only need X to be a pointed G-CW-complex which is also a 
strong p-space, then bv l3.4l ¥^{X, M) = !l'-^{X, M) and the result follows from 
(b). 

In any case, the corresponding topological group satisfies the assumptions of 
Theorem 16.61 and we obtain the conclusion. ■ 
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